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Representation Theoryforftwalgebras Notes speaker Nikolay

Goals Skryabin Them Exactness Monoidality of WhittakerReduction
functor HC bmadforW

category 0 for W alg

Refs GG Gan Ginzburg
Quantization of Sledomy slice

GinGinzburg HC bmad forWalg

setup

of
semisimple ie alg 10 killing form gray a

cg a nilpotent orbit Pick ee0 let x eay such
that e z 1

Pick stytriple e hot g by Jacobson
Monozof Whittaker

character

S etkeradf Slodamysliceto

ateEfact.Smay be
obtained via Hamiltonian

reduction

The adh action on ay of z
gcc gci Eg hx ix

Pick Lagrangian e g i u.r.t.x.ytseccx.gg
and define

Note X r n D
nilpotentsubalgebra R 9

weomit 1 from notation fromnow
on

N exp n is unpotent subgroup of dimension dim 0

µ as n ws i.itriduHIctn
S n x is Poisson algebra

If 0 principal then S ay
G

N left

Quantizing W Kay ug x
is
associative algebra

called the W alg
Omite from notation 1 associatedto say e

Nz x 21 7
xer

Have alg ison Endu Q L
veQ xv xcxv xem



Recall Kazhdangading Introduce modified action on af so that

it stabilizes S contracts it to e of JacobsonMorozo

t Ad RH 3 where 0 the t G

This induces ÉjÉ n Feely t F EF te

similarly get Kazhdan grading on S non negative

Unag c xeUng Cadb x ix

W

Kazhdan filtration FnUy U g c ithjen

Have Kazhdan filtration on W such that

g w 01st pt eljij
is

Logan quantization
commutes w reduction

x X
xeR

d category of fingerd Uag mad
w he acting locally

g.IEitiii Eiana
e t

eE1 fE1at aenceofcategoesthe fingen W
mod

e.EE anaagu i E itm amdutesonhg
equiv to D mad on supported on 4 X



Pf Observe Wh E D E O

Let V E W mad be fixed It has a Kazhdan filtration

coming from
the one on W F V F W No No finite generatingsetof V

The isom Nx S M x induces

N g W g Q isom of gradedalgebras A

This H r g G 9apr
v7 GCN7og V grev

invariants

H n g 9 8,5cm 0 iso

g Q free over grew g QQ v gQQ.mg v

Then a spectral sequence
argument yields

H n QQV V H n QQv 0 iso

m
invariants

a reman f QQwht E ÉThe www.t I I.fLet E Ker f

Then Wh E E nwh Qo WhCE E's White O
W

E D f injective

And QQWACE
E E 0 induces LES

Hocm.Q
whieDFiiiim.E Him whee

Hines Tf



Her E Wh E 0 E 0 is

rent D module on GB.V.is hittaker

with respect to X n if for any ER ve

Xp Xm v xx

where xp
vector field correspond to acting onU

M
action obtained by

differentiating the M equivariant
action

Next the projector May Q maps Zay W injectual

Let Z Zay be augmentation ideal

The BB localization Skyabin

W zW
modules m Whittaker coherent D

modules

on GB cw.r.t.tn a

SwhittakerReductions

Def Given a MayUg bmad K define whittereductionfunctor

y
F twistedn

invariants

Whn k K Kr where Rz Cx E

Nz coinvariants

fornen xek kRx n adn x xcn x

Let KCK Wh K

Wemay
write K K Homa Q KpQ

is W w bimodule

Recall K May W Zag for principal e nondegen X



Prof K is a modalfunctor Ag
termed W bmad

Pf Gannon Ginzburg We must show for any Uag
dimods MM

that KIM k 1M k Mgm
Follows from taking

By Skreakin QQ
K M MQ Q D Q Q

N
Thus k M k M MQgQ k M Skreation

ME QQ KIM

M8 M
Skreaban

Then apply N
Invariants use that QQ

N

g
Q

are both identity
functors

Rink This awesome proof
holds for HC b

modules in muchgreatergenerality

Next we show K is an
exactfunctorbutfarthis

we'll need to restrict
to Harish

Chandratimodules

Def A finitely generated UgUg
bmad K for which theadjoint

of
action ada visav va is locally finite is called a

H h chandab.de

Def M coherent D module has good filtration F
define



characterstcvar.ie chfM Supp grFM

KaHCUg bimad
Ch K Δ gr UgMay Glytoacy

Def Given a pair B.is of non neg
filteredalgebras sit g B grB and

are fingen then say a CB Br famed K is w
Harish Chandra

bimodal if its characteristic variety ch K SpecgrB Specgrit

is contained in the diagonal Δ Spec g B Specgrit

then letmvent be
dominantregularweights

K a weak HC UnUn finedThe

centralreduct

BB localization

1 K is a HC UnUn bmod Dgef1.1of
Kashiwara Kaw

2the associated D mad
LocCK on GB GB has re

singulates

3There exists a good
filtration on Loc K

whose associated

graded is reduced Let IT T GB ay Springerreso

Yiiiiii.is
iiEiiiiiiii

D mod Lock on 5 5 has a good
filtration whose

mii.iiiiiiiiii aa.a.de
2k
algebra U e B0216,2 so that Loc K EU e B 046,2 gmad then requires

that to admit a good
filtration so that g Lock

Cohl5 5 is reduced

See 6 for further
discussions



This Main them 4.1.4 of Gin Let c c e specZy let
arecentral

reductions

He Us Uag Cx cantez We W W.ie cantez
where Zy W

1Then K whim K induces a faithful exact functor

HC cwa.ws 6rad

yon no V0
AdGorbits 0 0 0

2 For K e HC Uc Ucr bimed the characteristic variety chick

satisfies

chick whik 0

chck dm whik 0

Thus Whittaker reduction only remembers the simplest part

PFsket.ch the faithfully ag.iq gfsenned
by constructing a right

adjoint N Homy Qc Q Q N HCfua.ua
banned

HE Wewar boned

Lets explain exactness in quasiclassical case Let n hitter

Let IT TEG IN
be KostantWhittaker

reduction of

TFG along NE
sometimes denoted T GIN

Stodowy
slice

Then T is affine w OCT OCG 0 Ad forsomed



Then
g K Gemcy mad Zay meel

M OCT M

Since G reductive suffras OCT is flat semay
module But

this follows from the map of being
smooth Ginzburg

Kazhdan 3 which consequently implies pullback is flat

Now the general
exactness is proved in Gin 54 by a spectral

sequence
argument Some

comments

One obstacle in using the Kazhdan
filtration on W mods is

that it is a priori
unbounded from below so associatedgraded

is infinite
dimensional This explains why

work with HC dayb
mod

Also the spectral sequence
does not converge in 1ˢᵗ quadrant

so Ginzburg introduces 2 good filtrations to
compute the

spectral sequences
consequently

show they converge to the

quasi
classicallimit

exactbyabove
spectal seqargument

HCCU.r.ua Uc ne mod
We_med

Equivalence by Skryabin

K K KM M M D8

Applications Proof of Premet's conjecture
that relates finite dimensional

W modules to primitive ideals I day such
that the

associated

variety of I equals AdGT Loser gave
alternate

proof using
deformation quantization



Remarks Raskin gives geometric proof
of exactness ofWhittake

reduction which we'll see when discussing
the affine story Is

speaking HC HyHy bmad
are G equivariant

coherentsheaves

on ay the whittaker reduction is given
by restricting

to S e ker adf
then taking N invariants The G eguman

implies inprincipal case that restricting
to S is same as restricting

to ayres but open
restriction is exact Also N acts freely

so taking N
invariants also exact or skryab.in ez

SEEY fE.fi theresanenbeddingq lecQ w

pick Carton t eq set 1 3g t Then I mile

containings Dick Get suchthat 3g f L category
considered

depends on

OCA consists of W modules N such that

Def categy
c Ni fingen'd
2 W acts diagonally on N acts locally nilpotently

onN

3 W o
wfW A w iw

so

4 N m w.m 0 well is finite
dimensional

Ex 1 When e principal nilpotent
then q 0 f ay 0 0

and conditions 2,3 are vacuous so 0 A finite dim W mod

Ets Vemodules Δ No Wf No
where



NO is W w.to
module Want Wo n WWyo

which is t diagonalizable

No irreducible
2 No simple subquotent

Cat O is Artinian allobjects fin
length because all weight spaces

are fin dim there are finitely many simple

Let of zg be ad eigenspaces
1 90 form Moe goanalogues

to before This produces WO W go e

Set in Mo of o g mix 3 z p c in

Def A Ug
module Mrs gen

zedwhittakerffore.tt if

1 Mis fingen'd Denote the resulting

2 t acts diagonally on M category by WhitA

3 mix acts locally nilpotently on M

Ex Δ
ᵗ
No Uypg.gs

ocNo eWhit 0 are the Vermas where

SkoWomod Ulg mad is the Skyabin
functorforgore

The loser There's an isom 4 Wo Wo Wit an equivaler

K Whitco O O

Moreover K 190 M M
Two notionsof Vermas

coincide

Remarks about EdmW
modules

The naive expectation about having
Borel Weil Bott theory

is completely false


